We propose a new class of multivariate volatility models utilizing realized measures of asset volatility and covolatility extracted from high-frequency data. Dimension reduction for estimation of large covariance matrices is achieved by imposing a factor structure with timevarying conditional factor loadings. Statistical properties of the model, including conditions that ensure covariance stationary or returns, are established. The model is applied to modeling the conditional covariance data of large U.S. financial institutions during the financial crisis, where empirical results show that the new model has both superior in-and out-ofsample properties. We show that the superior performance applies to a wide range of quantities of interest, including volatilities, covolatilities, betas and scenario-based risk measures, where the model's performance is particularly strong at short forecast horizons.
each with a GARCH-type evolution Braun et al. (1995a) model returns on individual assets as related through a common factor, so that r i ,t = β i ,t r f ,t + ε i ,t , so that the covariance dynamics in the β -GARCH model are given by where σ 2 f ,t is the variance of the factor, or in a conditional CAPM, the market return. This specification uses natural proxies of the left-hand-side variables to act as shocks -squared returns of the factor for the factor variance, standardized cross-products for the β dynamics and squares of the innovation for the idiosyncratic variance.
We contribute to a growing literature that combines multivariate GARCH-type dynamics and realized measures, and explicitly model the closing return, not just the intra-daily return. 1 In multivariate HEAVY models (Noureldin et al. 2012) , the conditional covariance is modeled as a smoothed function of recent lags of realized covariance matrix. Maheu & Jin (2013) model daily returns using a Wishart-autoregressive-like structure and propose a Bayesian estimation method. Hansen, Lunde & Voev (2014) propose the realized β GARCH model in which volatility and covolatility are separated modeled. In our models, daily returns on individual assets are driven by common factors with time-varying factor loadings. 2 The dynamics of factor volatility, conditional factor loadings and idiosyncratic volatility all follow the HEAVY structure where realized measures drive the dynamics of daily covariance (Shephard & Sheppard 2010) . Factor HEAVY models have two advantages over multivariate HEAVY models. First, multivariate HEAVY models are directly parametrized on variances and covariance and so specify common dynamics for all second moments of asset returns. Second, multivariate HEAVY models suffer from the curse of dimensionality -not only in terms of the number of parameters in the model, but also in the dimension of the realized measure required to drive the dynamics. For example, when modeling the conditional covariance of 50 assets, a 50-dimensional realized covariance is required 1 Initial models that included realized measures focused primarily realized measure only modeling (Halbleib & Voev (2011) , Golosnoy, Gribisch & Liesenfeld (2012) ). While the persistence of realized measures is an interesting topic, it is not appropriate for most applications in portfolio allocation or risk-management. 2 The time-variation in conditional β s has been debated in the literature for the last two decades. Braun et al. (1995b) use bivariate EGARCH models to find weak evidence of time-varying conditional β s. Ferson & Harvey (1993) , Bali & Engle (2010) , and Hansen et al. (2012) find significant time-series variation in the conditional β s. Bali et al. (2012) show the substantial time-varying conditional β s in the cross-section of daily stock returns. 4 each day. Our model only requires estimating low-dimensional realized measures irrespective of the number of assets in the model, and so can easily scale to empirically relevant dimensions. In the empirical analysis, we show that Factor HEAVY dominates other competing models in terms of in-sample performance. We also compare the out-of-sample ability of Factor HEAVY and the cDCC GARCH models (Aielli 2013) when forecasting volatility and covolatility, β s and MES. The results show that Factor HEAVY outperforms cDCC models, and that the gains are particularly substantial in short term forecasting. This superior performance at short horizons is particularly useful from a regulatory point-of-view since accurate and timely detection of changes in the covariance structure of returns is required when considering interventions.
The remainder of the paper is structured as follows. Section 2 introduces the Factor HEAVY models and discusses their properties. We initially focus the exposition on the 1-factor version of the model, although the extension to more factors is straight-forward. Section 3 discusses estimation and asymptotic properties. Section 4 describes the data used in the paper. Section 5 presents the result of empirical analysis including parameter estimation, in-sample performance, out-of-sample forecasting, an example of two-factor models and the robustness analysis.
Section 6 concludes the paper.
Factor HEAVY Models

Notation and Model Setup
To facilitate the exposition of the model, the initial focus is on a 1-factor specification. The full K -factor specification is presented in section 2.7. Let r t = (r f ,t , r 1,t , r 2,t , ..., r N ,t ) , denote a N + 1 by 1 vector of low-frequency, typically daily, returns. The first return is a pervasive factor and the remaining N are returns on individual assets assumed to be related through the factors. 3 We denote the information set formed by the history of low-frequency returns with F L F t , the natural filtration containing all past low-frequency returns. In the standard multivariate ARCH literature, returns are typically assumed to be conditionally normally distributed so that
Our interest is in modeling the conditional covariance of low-frequency returns using high-frequency derived realized measures, and so augment the information set with a realized measure that esti-mates the quadratic covariation of the factor and individual assets, and denote the time t value of this N +1 by N +1 matrix-valued random variable R M t . The realized measure could be a realized covariance or a more sophisticated noise-robust measure such as a realized kernel (BarndorffNielsen et al. 2011) , pre-averaged realized variance (Christensen et al. 2010) or realized QMLE covariance (Shephard & Xiu 2013 ). 4 We use F
H F t
to denote the filtration that contains both the realized measures and low-frequency returns, so that F
We assume that returns, conditionally on the high-frequency information set, are normally distributed
However, since the model now contains both high-and low-frequency data, it is necessary to specify a model for the process generating the realized measures. We assume that the realized measure is conditionally distributed as a Wishart with ν degrees of freedom, so that
where M t is a positive definite matrix so that
). We use a partitioning of the realized measures so that
where R M f ,t is a scalar measuring the quadratic variation of the factor, R M i i ,t is a scalar realized measure estimating the quadratic variation of the individual asset and R M i f ,t is a scalar measuring the quadratic covariation between the asset and the factors.
We propose to model the conditional covariance of returns, Σ t , as well as the conditional expectation of the realized measure, M t , using a factor structure. The conditional covariance of
The model then requires specifications for the dynamics of the factor variance, σ 2 f ,t (and the corresponding value for the realized measure µ f ,t ), the factor loadings β i ,t (λ i ,t ) and the idiosyncratic variances σ 2 i ,t (µ i ,t ). Throughout the paper, we use the notation E t −1 (.) = E(. | F HF t −1 ) used to denote the expectation conditional on the high frequency information set. The Wishart distribution is in the linear exponential family and is the natural candidate for positive definite matrixvalued shocks. Moreover, the transformations required when building factor-based models are known in closed form and lead to simple expressions for conditional expectations of the quantities of interest.
Proposition 1. Under the assumption R M t |F
HF t −1 ∼ W N +1 (ν, Mt ν ), the conditional expectation of realized β , E t −1 [R β i ,t ] = λ i ,t and that of realized idiosyncratic variance E t −1 [R I V i ,t ] = ν−1 ν µ i ,t .
Factor Variance Dynamics
The factor dynamics are assumed to follow a HEAVY structure. Suppose there is a single factor, in which case the factor returns are assumed to be conditionally normal with mean zero,
where the conditional variance of the factor return is measurable with respect to F H F t −1 and E t −1 ξ 2 f ,t = 1 . The conditional variance of the factor is driven by the realized measure corresponding to the 7 quadratic variation of the factor, and so
This is not a complete model and only allows for 1-step forecasts, and so we complete the model by specifying a model for the realized measure. The dynamics of the conditional mean of the realized measure follow a similar process to the factor conditional variance,
These two equations correspond to the HEAVY model of (Shephard & Sheppard 2010) .
Factor Loading Dynamics
Returns on individual assets are related through exposure to a common factor through a time varying loading. The factor loading of asset i is
Factor loadings are also driven by realized measures, where the natural analogue of the β , commonly referred to as the realized β is used,
Without microstructure noise, Barndorff-Nielsen & Shephard (2004) show that when the realized measure is realized covariance, then the realized β is a consistent estimator of the ratio between integrated equity covariance with the factor and integrated variance of the factor return. The dynamic factor loadings evolve as where the final two equations are also repeated for each individual asset. This structure leads to a relatively simple condition to determine whether the model is covariance stationary since both the HEAVY-P and the HEAVY-M components are driven exclusively by the realized measures. In particular, the coefficients on the realized measures in the HEAVY-P play no role in the stationarity since these simply act as sensitivities and there is no feed-back from the low-frequency observations into the realized measures.
From the properties of the Wishart distribution, all of the elements can be decomposed into their conditional expectation and a white noise error, so
, a mean-zero white-noise vector, the standard Factor HEAVY have a VARMA(1,1) representation. Specifically, 
Multiple Factors
The 1-factor model can be directly extended to include multiple factors. In the multi-factor HEAVY model, returns on individual assets are determined by K factors and an idiosyncratic shock,
in which r f k ,t and σ f k ,t denote the daily return on the k th factor and its volatility respectively; 
, and the realized measure,
where the upper left block is K by K , the i f blocks are 1 by K and the i i blocks are scalars. We allow for a general dependence structure of factors, and so the conditional loadings for asset i
Similarly, define the multi-factor realized β s for asset i as
where R M f ,t is K by K and the R M f i ,t is K by 1, and the realized idiosyncratic variance as
In the K -factor HEAVY model, the multiple factors follow a multivariate HEAVY model (Noureldin et al. 2012) , while each of the factor loadings and idiosyncratic volatility follow the same dynamics as in the 1-factor model. The HEAVY-P equations are then
where 
where M f ,t = E t −1 (R M f ,t ). As before, the final two equations in (15) and (16) are repeated for each asset. Equations (15) and (16) constitute the K -factor HEAVY model. The condition for covariance stationarity of the full model is similar to that in the 1-factor model, and so in the interest of brevity, we omit a detailed discussion.
Estimation and Inference
Estimation
This discussion focuses on the 1-factor model, before turning to the K -factor models. The conditional likelihood of the returns and the realized measures is the natural method to estimate the parameters. The parameters in the HEAVY-P equations are estimated by conditional maximum 13 likelihood by maximizing
where
and c is a term which does not depend on the model parameters. 5 The model structure can be directly exploited to simplify estimation by expressing the log-likelihood in two componentsone which measures the likelihood of the common factor, and one which measures the likelihood of the idiosyncratic errors, r i ,t − β i ,t r f ,t .
Proposition 4. The joint log-likelihood of the daily returns can be equivalently expressed
This decomposition leads to a natural 2-step estimator, where the parameters of the l f ,t are first maximized, and then the parameters governing the conditional factor loadings and idiosyncratic volatilities are estimated.
6
The parameters of the HEAVY-M equations are estimated by maximizing the standardized
and c M ν is a constant conditional on the shape parameter of the standardized Wishart, ν. Our interest is in the parameters of the dynamics, and so we do not estimate this parameter. Using 5 The parameter dynamics are all recursive and so depend on values for observations 0. We use a backward exponentially weighted moving average based on the first τ = T 0.25 observations of the realized measure to initialize the process so that
the structure of M t , this log-likelihood can be similarly decomposed into two components,
This decomposition also leads to a natural 2-step estimation strategy, where the parameters governing the factor dynamics are first estimated and then the parameters of the idiosyncratic volatility are estimated. This decomposition comes directly from the model and does not require correct specification or other restrictions on the realized measure. This is particularly useful since estimation of the model parameters only requires storing the realized measure for the factor, the assets and between the factor and assets, and not the complete N + 1 by N + 1 realized measure. The likelihood structure is particularly useful when using noise-robust realized measures which are known to suffer from data attrition due to refresh-time sampling when the number of assets, N , is large. An alternative to using a single realized measure for all assets is to construct N estimators including the factor and each asset. This would allow the maximum amount of data for a pair to be used without loss. We discuss additional issues in using pairwise noise-robust estimators in section 4.1.1.
The joint likelihoods of the K -factor model can be similarly decomposed, so that
where λ i ,t = (λ i ,1,t , ..., λ i ,K ,t ) . The factor-HEAVY structure preserves the variation-free nature of the HEAVY framework in the sense that the lagged terms from one set of equations do not appear 15 in the other.
Quasi-likelihood Based Asymptotic Inference
Similar to the HEAVY models, the parameter estimators in factor HEAVY equations have the common asymptotic properties of quasi-maximum likelihood estimators. Since the parameters have no link between factor and equity equations, and between HEAVY-P and HEAVY-M equations, we can consider their asymptotic properties separately. Here we focus on the 1-factor HEAVY model for simplicity. The score equations for the corresponding likelihood, evaluated at the estimated parameters are
We have omitted calculation of the cross-terms in the variance covariance between components of the model. While these are generally not of interest, calculation of these is straight-forward. Inference in the factor HEAVY model is simplified when compared to typical multivariate volatility models since the estimating equations have a natural block structure due tot he factor structure.
Empirical Analysis and Model Evaluation
Data and Descriptive Statistics
We apply the model to a sample containing 40 large U.S. financial firms from High-frequency data typically contains mis-recordings and other erroneous data, and so all price data was cleaned using a slightly modified set of rules to those used in Barndorff-Nielsen et al.
(2009). 7 Our initial focus is on a 1-factor model similar to a conditional CAPM (Jagannathan & Wang 1996 , Lewellen & Nagel 2006 . We chose the S&P 500 as the market proxy, and use the SPDR S&P 500 (SPY), a highly liquid ETF that tracks the S&P 500 index.
In most of the application we use realized covariance as the realized measure. We sample all prices using last-price interpolation and use a sparse sampling scheme. Our preferred estimator is based on 10-minute sampling with subsampling every minute. Suppose p j ,t is the j th log price vector on day t containing the log prices of the factor and the 40 firms. Then the sub-sampled realized covariance is defined
where r i ,t = s j =i r i + j ,t , s is the length of the block (e.g. 10), r j ,t = p j ,t − p j −1,t are the highfrequency returns, m is the number of price samples (e.g. 390 when using 1-minute returns in U.S. equity data). We consider alternative specifications where we vary s ∈ {5, 10, 15, 30}, as well as a realized kernel where we use the non-flat Parzen kernel and the bandwidth selection procedure outlined in Barndorff-Nielsen et al. (2011) . Figure 1 shows annualized realized volatility of the factor, average annualized realized volatility of all firm equity returns, average realized correlations between SPY and equity returns, and average realized β s. It is obvious that from summer 2007, the beginning of the financial crisis, daily returns become more volatile than before the crisis. The returns on the factor are less volatile than those on equity returns. During the crisis, the average realized correlations increased relative to their pre-crisis values, although the changes in dependence are far more striking in terms of the average realized β s.
One of the primary difficulties encountered when incorporating realized measures into a model of the conditional covariance of low-frequency data is the missing overnight data. In models of the conditional variance, it is common to assume that the full-day variance can be simply scaled from the within trading-day variance. When studying multivariate quantities, there are more possibilities, and in particular the covariance and the variances may not scale with a common factor. We examine the choice of modeling space in Figure 2 , where we compare the intra-daily and overnight β s and as well as the intra-daily and overnight correlations between the factor and equity returns. We computed these using only the open-to-close and close-to-open returns (not the other intra-daily data). The result shows β behaves very differently from correlation -most β s lie near the 45-degree line, indicating that β s are very stable throughout the entire day. The relationship between intra-daily and overnight correlations appears to be more complicated, and many of the firms have stronger correlations with the factor during the market opening hours than during the overnight period. This is consistent with systematic news arriving during market hours and idiosyncratic news arriving after the market closes. This difference indicates that models incorporating high-frequency data that parameterize the conditional β are better suited than models which use other transformations of the conditional covariance.
Data Transformations
We are primarily interested in the covariance of returns over the entire day, including both the period where markets are active and the overnight return. Realized measures can only be computed for the period where the market is actively traded, and so we use a transformation to ensure that the average value of the realized measure is the same as the average value of the outer product of returns. The modified realized measure is constructed as 
This transformation has some limitations, and in particular the matrix square-root of Σ may not be precisely estimated.
Since our preferred estimator only uses the realized measure of the factor(s) and the individual assets -but not the realized measure between the individual assets -we can define a similar transformation using the K + 1 by K + 1 realized measures required by the estimator,
whereΛ is estimated using only the K factors and asset i , and
Finally, a particular difficulty arises when using noise-robust estimators constructed using only the K factors and the individual assets. This occurs since these estimators typically use some form of refresh time sampling and so will not produce identical estimates of the quadratic covariation of the factors. We propose to first transform these so that they have the same estimate of the quadratic covariation of the factors, and then these modified realized measures can be standardized using eq. (22). Begin by partitioning the individual realized measure
20 where the notation R M i f ,t is used to indicate that this estimate of the quadratic covariation of the factors is specific to the noise-robust measure that includes asset i . Our solution is to use a common estimator of the quadratic covariation of the factors, and then to enforce that this common estimator is the same in all component realized measures. A natural estimator would be the noise robust estimator (e.g. realized kernel) applied only to the factors on day t . Denote that estimator R M C f ,t where the C denotes common. The modified estimators of quadratic covariation are then
When there is a single factor, the transformation matrix takes a simple form where
Note that if a single realized measure is used across all assets, such as a single multivariate realized kernel (or realized covariance) to estimate the integrated covariance, then R M
= I K and the estimator is unmodified.
In-Sample Performance
The Factor HEAVY model was estimated using the complete sample available for each firm. Table   1 shows the parameter estimates for the factor and a representative firm, Capital One (COF). The estimates for the market volatility (θ and θ M ) are similar to those in Shephard & Sheppard (2010) , and the model indicates that the factor volatility is highly persistent since θ
documented feature in the ARCH-literature. However, the responsiveness to volatility news, as measured by θ 1 , is much higher than is commonly found in low-frequency models. Conditional β s are also highly persistent, and somewhat less responsive to news. Idiosyncratic volatility is also extremely persistent, and is highly sensitive to recent idiosyncratic volatility news. Tables 2 presents the minimum, the 25th percentile, the mean, the median, the 75th percentile and the maximum of the parameter estimates across all firms. The estimates of the dynamics of the conditional β lie in a narrow range, with most sensitivity parameters estimated to be close to 0.10. The estimates of the parameters in the HEAVY-M equations fall into a particularly narrow band. The estimated dynamics of the conditional idiosyncratic volatilities are more dispersed, although mode series are highly responsive to idiosyncratic news. The estimates from the idiosyncratic component of the HEAVY-M are also more similar than the HEAVY-P, with both high sensitivity to news and large persistence.
In traditional ARCH-type models, both volatilities and β s are driven by daily shocks. We consider an augmented model of the HEAVY-P equations which allow for the natural daily shock to enter the model. The modified equations are 8 In a small minority of series, either δ i ,1 or α i ,1 (or both) is not statistically significant. This may be due to constancy of conditional β and/or idiosyncratic volatility. 
where θ 3 allows the daily factor return to influence the factor volatility, δ i ,3 allows a daily β shock to enter the β dynamics and α i ,3 allows for an idiosyncratic shock where ε i ,t = r i ,t −β i ,t r f ,t . These were tested one-at-a-time, and all were conducted at the 5% level. Estimation was conducted using the 2-step estimator described in section 3.1, and inference was conducted using robust standard errors similar to those described in section 3.2. The daily shock in the factor volatility equation was not significant. In the β equations, δ i ,3 was significant for 8 firms, but had a much smaller coefficient than δ i ,1 indicating the changes in the fit value were typically small. In the idiosyncratic equations, α i ,3 was significant for 7 firms.
We conducted a number of other experiments to assess whether all components of the models were necessary. We first compared the in-sample fit with that of the pairwise fit of the cDCC model, which has recently been used to fit dynamic β models (Engle & Kelly 2012 , Bali, Engle & Tang 2012 ). The cDCC model specifies dynamics for the conditional variances of the market and the individual asset as standard GARCH models, and the conditional correlation is modeled using the standardized residuals.
The cDCC models the volatility of the market index and the firm's equity returns as standard GARCH(1,1) processes (Bollerslev 1986 ) so that
whereσ f ,t is used to distinguish the low-frequency factor volatility from the high-frequencybased factor volatility in the HEAVY model. The conditional correlation is modeled with the cDCC model (Aielli 2013) , which is an extension of the DCC model (Engle 2002 ) which allows for consistent estimation in 3-steps. In cDCC models, the conditional covariance matrix of daily return vectors is decomposed as
The conditional correlation is modeled using a transformation of an auxiliary process,
where R t denotes the correlation matrix; denotes Hadamard product and S is a symmetric matrix with diagonal elements equal to 1.ε t = (Q t • I 2 )
1/2 ε t is a "revolatilized" return vector with unit unconditional variance where ε t = (ε m ,t , ε i ,t ) .
We also compared the factor HEAVY with the daily β -GARCH model (eq. (1)), as well as the multivariate HEAVY estimated on the market and each individual asset. Finally, we compared the factor HEAVY to two nested specifications. The first assumes that the conditional factor loading is constant, which corresponds to restrictions that δ i ,1 = δ i ,2 = 0, and the second which assumes that the idiosyncratic volatility is constant, corresponding to the restrictions α i ,1 = α i ,2 = 0. Table 3 contains the value of the difference in the log-likelihood of these models,
evaluated using only daily data in the case of HEAVY models. Since all models assume that returns are conditionally normal, these are directly comparable, and positive values indicate that the factor HEAVY produced a superior in-sample fit. The Factor HEAVY produces much larger log-likelihoods than either of the daily-only models, and the closest daily model differs by over 80 log-likelihood points. Moreover, the typical difference is more than 150 points, indicating that there is substantial information in the high-frequency measures. The models nested in the factor HEAVY -either with a constant factor loading or a constant idiosyncratic volatility -are also considerable worse, although the assumption of constant factor loading does not always lead to large changes in the log-likelihood. On the other hand, idiosyncratic volatilities appear to be time-varying with typical log-likelihood differences of 1,000 points. Finally, the results comparing the Factor HEAVY with bivariate multivariate HEAVY models indicate some preference for the factor HEAVY, with better performance in more than 75% of the series examined.
We also examined the fit of the model using residual-based tests. We are primarily concerned with misspecification of the conditional covariance between the returns on a pair of equities since the model does not explicitly attempt to fit these. We are interested in testing the null that Table 3 : In-sample log-likelihood comparison between Factor HEAVY and competing models for all equities. All comparisons were performed using the pair of the market and one of the financial firms.
where we have suppressed the dependence of the factor loadings and market variance on the model parameters,
which includes the parameters of the conditional variance of the factor as well as the conditional factor loadings of assets i and j . Since the parameter estimates are variation-free across models, it is not necessary to include the parameters for the other components in ζ.
We use the robust regression-based specification tests developed in Wooldridge (1990) . We use z i , j ,t = (1, r i ,t −1 r j ,t −1 , r i ,t −2 r j ,t −2 ) as the vector of misspecification indicator variables. These indicators will have power against static misspecification (through the constant term) as well as persistence in the cross-products. The test is implemented in two steps. First, we regress each element of z i , j ,t on the gradient vector ∇ ζ η t of η t = r i ,t r j ,t − β i ,t β j ,t σ 2 f ,t with respect to ζ evaluated at the estimateζ. We defineẑ i , j ,t as the residual vector obtained from this regression.
Second, we regress unit on the vectorη tẑi , j ,t whereη t is the value of η t evaluated atζ. The test statistic is then computed as T × R 2 where the R 2 comes from the second regression. The test statistics is asymptotically distributed as χ 2 3 . Figure 3 contains a histogram of the test statistics. We fail to reject the null of correct conditional specification in 93% of the pairs tested (the 5% critical value of a χ 2 3 is 7.81), and so the rejection rate is close to size.
Out-of-Sample Forecasting Results
We next turn attention to assessing the out-of-sample performance of the factor HEAVY, and we focus the out-of-sample comparisons on the cDCC model, as a leading example of low-frequency models. All models are fitted using a recursive scheme where parameters are updated once a week (on Fridays) starting from July 2005, which allows for a minimum of 1,250 days in the smallest models. The cDCC models were always estimated pairwise with only the market and one of the financial firms. We will evaluate the performance of the model using 1-day, 1-week and 2-week forecast horizons, which are all important for risk management. 
Statistical Accuracy
We compare the statistical accuracy of all models using out-of-sample comparisons . The QLIK loss function has recently emerged as a sensible method to evaluate variance and covariance forecasts in the presence of noisy proxies (see Patton & Sheppard (2009) 
9 Results for longer horizons, up to 1 months, indicate there is little difference between the models. where s is the number of steps ahead andΣ t +s |t is a model-based time-t conditional forecast of the covariance of r t +s and C t +s is the proxy for the unobserved covariance at time t + s . The natural proxy is r t r t , although others, such as a realized measure, can be used. 10 Suppressing the explicit dependence onΣ t +s |t , the QLIK loss function can be decomposed to isolate various component losses,
individual equity i +term corresponding to the dependence structure
where V f ,t +s , V i ,t +s and C f i ,t +s are the proxies for the factor variance, equity variance and their covariance on day t + s . While this decomposition is generally only applicable to factor models, it also holds for any bivariate model which contains the factor, such as the daily cDCC models estimated.
All comparisons are implemented using Diebold & Mariano (1995) 
where avar (δ t ) is a consistent estimator of the long-run variance of δ t . This is estimated using a Newey-West covariance estimator with min 10, 1.2T
1/3 lags. (24)) applied to the market and the individual firm, the firm only loss (l s i ,t ) and the copula (l s C ,t ). All comparisons were conducted for 1-day, 5-day and 2-week horizons, and are implemented on point-wise forecasts and not cumulative -that is, predicting Σ t +s |t not s j =1 Σ t + j |t . The out-performance of these models is so strong at short horizons that cumulative comparisons are not useful. At the 1-day horizon, the factor HEAVY model is dominant in both the joint and firm tests, with strong rejections for almost all pairs. The copula basedcomparisons are more mixed, although the null is rejected in favor of the factor HEAVY for 12 of the 40 series, and only once in favor of cDCC. The results using 1-week forecasts are unsurprisingly weaker, although the factor HEAVY is still preferred. Finally at the 2-week horizon, a similar pattern is found, with many statistically significant rejections both in the joint and firm volatility. The DM tests for the factor variance also uniformly preferred the HEAVY model, and the test statistic at the 1-day horizon was 3.72.
The ability of models to forecast conditional β was also examined using the estimated idiosyncratic variance as the loss function. The conditional β represents the optimal hedge ratio and so an accurate forecast should lead to a small tracking error. This leads to the loss function l s i ,t = (r i ,t +s − β i ,t +s |t r f ,t +s ) 2 . Table 5 contains the result of DM tests of the null of equal idiosyncratic variance of the residual, comparing the factor HEAVY to the cDCC. In most cases, the null cannot be rejected. However, when it is, the rejections indicate superior performance of the factor HEAVY. These results are weaker than in the QLIK tests, which may be due to heteroskedasticity of the idiosyncratic error.
The statistical tests all indicate that the out-of-sample performance of the factor HEAVY is superior to the leading low-frequency model. Moreover, the gains are particularly striking in terms of predicting variance. The gains in terms of predicting dependence, whether from the copula term which arises from the QLIK loss function, or from measuring the idiosyncratic variance, are smaller. We hypothesize that the gains to forecasting volatility may be larger since the range of conditional variances is much larger than that of conditional correlations or β s, which should aid in finding the superior model.
Marginal Expected Shortfall Forecasting
Risk forecasting, and in particular systemic risk forecasting, is an important application of multivariate volatility models. Marginal expected shortfall, introduced by Acharya et al. (2012) , measures the expected loss conditional on a factor being in a state of stress, and is defined Table 4 : Diebold-Mariano statistics for the null hypothesis that factor HEAVY and cDCC forecasts are equally accurate when forecasting 1-day, 1-week and 2-week ahead volatility of firm equity returns, the dependence structure and the covariance matrix. Numbers in bold font indicate that factor HEAVY forecasts are more accurate than cDCC forecasts at the 10% significance level. Table 5 : Diebold-Mariano statistics for the null hypothesis that factor HEAVY and cDCC forecasts are equally accurate when forecasting 1-day, 1-week and 2-week ahead β s. Numbers in bold font indicate that factor HEAVY forecasts are more accurate than cDCC forecasts at the 10% significance level. Italic numbers indicate the converse.
where c is a threshold which determine whether the factor is showing signs of stress. The longer term s -step ahead MES is defined similarly but based on cumulative returns:
where R i ,t +1:s = exp( s τ=1 r i ,t +τ ) − 1 is the cumulative return on firm equity from t + 1 to t + s , R f ,t +1:s is similarly defined and c s allows for explicit dependence between the horizon and the threshold for a stress event.
We follow a similar procedure to that introduced in Brownlees & Engle (2012) to estimate MES. The 1-step MES is particularly simple to compute, and is
In the cDCC model,
are estimated using a nonparametric kernel estimation similar to that in Brownlees & Engle (2012) ,
is the Gaussian kernel and l is the bandwidth.
Longer-horizon MES forecasting is more complex and requires the use of a bootstrap to simulate returns. The return simulation is constructed using standardized residuals, and, in the factor HEAVY, standardized realized measures. The s -step MES requires an estimate of the expected (cumulative) loss conditional on the factor suffering a large (cumulative) loss. In the factor HEAVY, we construct the tuple of standardized innovations
The values of the tuple ν t are then used to simulate from the factor HEAVY for a longer horizon, and simulated cumulative returns are constructed for both the factor and the asset. The s -step MES is then constructed as
where I [x ] = 1 if condition x is satisfied and equal to zero otherwise andR i ,t +1:s is used to denote that these are simulated returns. This is repeated across all assets using only pair-wise measures.
In the cDCC, the standardized innovations include only ξ f ,t , ξ i ,t where the standardization is computed using the cDCC-fit values of the conditional covariance. The simulation procedure is otherwise identical. The entire procedure is recursively implemented so that all estimates including both the parameters of the conditional covariance models as well as the other inputs to the MES are "real-time".
MES prediction accuracy is evaluated using Relative Mean Square Error (RMSE), which is used in place of MSE to control for strong heteroskedasticity of time-varying losses. The RMSE for s -step ahead MES is defined as
where the period from t c + 1 to t c + s represents the event period of length s during which the market experiences a loss larger than a pre-determined threshold. Since MES can only be evaluated when the market suffers a relatively large loss, few data points are available to evaluate the models.
Relative predictive accuracy is assessed using Diebold-Mariano tests where the loss differen-
where T c denotes the number of event days. Figure 5 shows the 1-step MES forecasts for COF from both the factor HEAVY and the cDCC, along with the market return, on days which are events in the out-of-sample period. For each event day, the 1-day, 1-week and 2-week return are shown. A large number of events occur during the final 4 months of 2008, which is highlighted. Table 6 presents the DM statistics of equal predictive ability for each firm's return. Factor HEAVY forecasts are more accurate on average than cDCC forecasts for all horizons we consider.
The advantage is larger for longer horizons, which differs from the results in the volatility forecasting section. This difference arises since medium-term MES forecasts are cumulative and so superior performance of HEAVY models at shorter horizons accumulates. 11 These values were chosen since larger values of the threshold index require extremely large bootstrap samples, especially in the period when volatility is low. 12 The bandwidth in kernel estimation is set equal to 0.05. This value is chosen to give stable results.
Stress Days
While it is not clear from the figure which model performs better on average, factor HEAVY forecasts are more accurate at the 10% significance level. The figure shows that each model can track actual losses well on some event days. At the crisis peak around autumn 2008, however, factor HEAVY forecasts outperform cDCC forecasts where cDCC forecasts tend to seriously underestimate the actual losses. Forecasts from factor HEAVY models respond quickly to the shock while forecasts from cDCC models adjust slowly. This fact may provide insight into the source of the forecasting gains of factor HEAVY models. Table 6 presents the Diebold-Mariano statistics associated with the 1-day, 1-week and 2-week MES forecasts. 13 1-day factor HEAVY forecasts are more accurate than the cDCC forecasts for 23 firms, and 10 of these are significant at the 10% level. On the other hand, cDCC forecasts are significantly more accurate for 4 firms. When looking at the 1-week MES, factor HEAVY still enjoys an advantage over cDCC in terms of the number of significant forecasts, but the advantage is somewhat smaller thatn for 1-day-ahead forecasts. The gains from using factor HEAVY models, however, are further reduced at the 2-week horizon, although for some firms like COF, factor HEAVY forecasts are significantly more accurate than cDCC forecasts at all forecast horizons of interests.
13 When doing bootstrapping for s -step forecasting, we fix the number of remaining simulation paths to 1000 which satisfy R f ,t +1:s < c s . Under this setting, the MES simulation result was found to be stable. It is noted that COF has consistently good performance when forecasting volatility, covolatility, β and MES. Since MES is the expected equity loss of the firm conditional on a threshold market index loss, we suspect that these all play a role in the 1-day MES gains, although the performance in MES forecasting is stronger in models where the factor HEAVY performed better in terms of the copula. Factor HEAVY models are significantly more accurate when forecasting both the MES and copula for the firms such as AET, AFL, CMA, COF, JNS, LM, MMC and UNH. This relation between MES and copula forecasting remains but becomes weakens at longer horizons.
Extensions
Three extensions to the one-factor HEAVY model were explored. The first examines the gains to including an additional factor, where an industry factor, constructed as a portfolio of the included firms, is added to the model. The second examines the effect of changing the realized measure. The third examines the evidence for including asymmetries in the model.
Two factors
The one-factor specification is augmented to a 2-factor structure where the second factor is a constructed industry portfolio. The portfolio weights were computed using principle component analysis on CAPM residuals on the daily data. Defineε i ,t = r i ,t −β i r f ,t to be CAPM residuals wereβ i is the usual OLS estimator. A portfolio was then formed using the weight vector w which corresponds to eigenvector associated with the largest eigenvalue in the outer-product
The new factor has daily returns r P C A,t = w i r i ,t . High-frequency returns were similarly constructed using the same weight vector applied to the intra-daily data.
Finally, the 10-minute realized covariances were computed using the high frequency returns of the constructed portfolio, along with the market and each individual firm.
The two-factor model was estimated using SPY and the PCA-factor for COF. Table 7 shows that all estimates are statistically significant except for δ M i ,1,1 and δ M i ,1,2 . The estimates in the β and idiosyncratic volatility equations are similar to those in the one-factor model. The fit was also examined for all assets based on either the marginal log-likelihood of the firm or the bivariate log-likelihood of the market and the firm. We found that while model with 2 factors improved univariate the fit for 29 out of the 40 firms, the joint likelihood including the firm and the market only improved in 13 cases. We interpret these findings as weak evidence that a second factor is not required for this data set -less homogeneous panels, such as those that include firms across sectors or with other important differences in characteristics, would be more likely to require multiple factors. 
0.59 Table 7 : Parameter estimation results of a two-factor factor HEAVY model for COF, over the whole sample period. Robust standard errors are reported in parentheses.
Alternative Realized Measures
As a robustness check, the model was fit using alternative realized measures. The top panel of table 8 report parameter estimates and the (joint) log-likelihood across 5 choices of realized measure: realized covariance sampled between 5 and 30 minutes, all using 1-minute subsampling, 37 and multivariate realized kernels. The second panel reports and DM test statistics from 1-day forecasts for COF against the cDCC model using the same measures.. All results are stable across alternative realized measures, and realized measures which sample more often perform somewhat better both in sample and out-of sample, with realized kernel producing the best in-sample fit. The key parameters which measure the sensitivity to the realized measure in the HEAVY-P equations, θ 1 (market) , δ i ,1 (factor loading) and α i ,1 (idiosyncratic variance), all decline as the realized measure deteriorates, which is consistent with additional measurement noise when sampling less-frequently. All estimators consistently out-perform cDCC forecasts, and a similar pattern appears in terms of using more precise estimators.
The bottom three panels of table 8 show the relative distribution of parameters using the 25th quantile, median and 75th quantile of the estimates across all 40 assets, as well as the distribution of likelihood differences relative to the likelihood of the 10-minute realized covariancebased model (negative indicates better performance of the 10-minute model). These are broadly consistent with the pattern for COF, where less frequent sampling leads to smaller sensitivity to news as well as smaller likelihoods. The performance of the 5-minute and 10-minute realized covariance was extremely similar. Table 8 : Parameter estimates, in-sample likelihood and Diebold-Mariano statistics of 1-day forecasts for COF using different realized measures, i.e. 5-minute, 10-minute, 15-minute and 30-minute realized covariance matrices with 1-minute subsampling, as well as realized kernels.
Conditional Asymmetries in Volatility
The third extension is to examine whether asymmetries are needed in the model. GJR-GARCH and TARCH models have been broadly found to fit conditional variances better than symmetric GARCH models (Glosten et al. 1993 , Zakoian 1994 . A GJR-like specification can be constructed in the HEAVY-P using an indicator variable based on the daily return, σ 2 f ,t = θ 0 + θ 1 R M f ,t −1 + θ 2 σ 2 f ,t −1 + θ 3 R M f ,t −1 I (r f ,t −1 < 0)
We tested the null that θ 3 = 0 which was strongly rejected. Without the asymmetry (imposing θ 3 = 0),θ 1 = 0.26. When the asymmetry is introduced,θ 1 = 0.12 andθ 3 = 0.19. These coefficient changes are large, and the full-sample marginal log-likelihood increased from -3674 to -3611.
Following Braun et al. (1995b) , asymmetries were added to the conditional factor loading through three terms, . This difference between the low-frequency models and the high-frequency models is due to the decomposition which separates the market, which has a strong asymmetry from the idiosyncratic volatility, which does not. This additional parsimony is not applicable in standard low-(or high-) frequency cDCC-type models since the conditional variance estimated includes both components.
Conclusion
The paper introduces a new class of multivariate high-frequency based volatility models utilizing a factor structure for both the high-and low-frequency conditional covariances. This structure allows for parsimonious models to be fit while simplifying the task of incorporating highfrequency realized measures. The factor volatility, β and idiosyncratic volatility are modeled as separate HEAVY-type processes and the daily shocks in low-frequency models are replaced with the corresponding realized measures. This modification is supported by the empirical evidence that realized measures dominate daily measures for most equities. The Factor HEAVY is also validated as a covariance model using the specification tests. We show that this model improves on existing multivariate HEAVY models, and are are especially useful for a large panels of assets.
In an empirical analysis of 40 systematically important U.S. financial firms, we found a onefactor model was adequate to capture the dynamics of the conditional covariance. The Factor HEAVY model performs better both in-and out-of-sample when compared to a leading lowfrequency model. We find that factor HEAVY has a large advantage over cDCC in covariance matrix forecasting, and that the advantage appears in a variety of dimensions including the forecast copula, β and MES. The out-of-sample forecast ability is more pronounced at shorter forecast horizons which are the most relevant from a risk-management point-of-view. We consider extensions to two-factor models and check the robustness of the performance to some selected realized measures. We also examined a number of extensions to the base model including the role of asymmetries in the conditional variance, β and idiosyncratic variance, where we found that asymmetries are only needed for the conditional variance of the market.
